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Collision b racke t s of the linearized W a l d m a n n - S n i d e r collision supe rope ra to r a re s tud ied for 
m i x t u r e s of po lya tomic gases. Proper t ies following f r o m symmet r i e s of molecular in te rac t ion a n d 
collisional conservat ion laws are discussed. F o r a comple te sys tem of expans ion tensors b racke t 
symbol expressions for effective cross sect ions a re g iven which general ize t h e Chapman-Cowl ing 
•ß-integrals. E x a c t re la t ions be tween effect ive cross sect ions are der ived . A p p r o x i m a t e re la t ions 
which hold for molecules wi th small nonspher ic i ty a n d elast ic sca t t e r ing a re also given. 

Introduction 

Transport phenomena with mixtures of poly-
atomic gases, especially diatomic molecule-noble 
gas mixtures, in the presence of external fields 
(Senftleben-Beenakker effects) have been thorough-
ly investigated during the last decade [1—4a], Also 
optical studies as depolarized Rayleigh scattering [5] 
and flow birefringence [6] have been performed for 
mixtures of optically anisotropic molecules writh 
noble gas atoms. The appropriate theoretical treat-
ment of these effects, based on the Waldmann-
Snider kinetic equation [7], started with a paper by 
Raum and Köhler [8] in which the relevant moment 
equations were derived. This system of moment 
equations was used to treat heat conduction [9] and 
thermal diffusion [10] in a magnetic field as well 
as flow birefringence [11] and diffusio birefrin-
gence [12] for mixtures of linear molecules with 
noble gas atoms. The corresponding Chapman-Ens-
kog treatment of all transport phenomena for gas-
eous mixtures in a magnetic field has recently been 
given by Eggermont, Vestner and Knaap [13]. 
The Chapman-Enskog method was extended to co-
ver also Burnett effects with polyatomics like the 
viscomagnetic diffusion flux [14], 

A common feature in the theory of these effects is 
that their magnitudes are essentially determined by 
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matrix elements (collision integrals) of the Wald-
mann-Snider collision operator. The collision inte-
grals can in principle be evaluated if the binary 
scattering amplitude is known. The scattering 
matrix is linked with the nonspherical molecular 
interaction [15] via the well known scattering 
integral equation and is thus difficult to obtain. In a 
number of papers [16—19] the approximate 
calculation of Waldmann-Snider collision integrals 
for pure gases of molecules with small nonsphericity 
has been discussed. 

In the moment also exact calculations based on 
the $-matrix formalism are underway [20]. 

Rather than to evaluate collision integrals for 
mixtures explicitly, here like in Refs. [21, 22] 
general expressions for the pertaining effective cross 
sections and exact interrelations between them (i.e. 
not depending on the specific form of the inter-
molecular potential) are discussed. This is never-
theless helpful and important since first of all for 
most molecules reliable scattering calculations 
don't yet exist, and secondly such interrelations 
between cross sections serve to reduce the number 
of unknown parameters to be determined from 
experiments. Further more, the general expressions 
already often show which kind of molecular 
collision processes (e.g. elastic or inelastic ones) 
contribute to a certain cross section. 

In the present paper first a review of general 
properties of collision integrals linked with the 
symmetries of molecular interaction and conserva-
tion laws is given. Then scalar quantities, the 
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effective cross sections, are defined. They represent 
the parameters to be determined in experiments. 
A set of expansion tensors sufficient to describe all 
transport and relaxation phenomena in mixtures 
measured up to now is introduced and the effective 
cross sections are (after the integration over the 
c.m. velocity) written in terms of lucid bracket 
symbols. At this stage already, interesting non-
trivial connections between various effective cross 
sections are obtained. Finally, some approximate 
relations which hold in the case of small non-
sphericity of the interaction, are derived and a 
number of effective cross sections is — in spherical 
approximation [22] — given in terms of Chapman-
Cowling [23] collision integrals. 

I. General Properties of the Collision Integrals 

1. Definitions 
Consider a mixture of polyatomic gases in a state 

close to thermal equilibrium. The distribution 
operator for the molecules of species "k" (which is 
a density operator with respect to internal molecular 
rotational states) is written as 

fk(t, x, Wk, Jk) = /*<0) (1 + 0k(t, x, Wk, Jk)) . (1.1) 

Here, t is the time, x is the position, Wk = 
(mkl2'ks,T) ll' i(ck —v) is the dimensionless peculiar 
molecular velocity and Jk is the rotational angular 
momentum in units of H. The equilibrium distribu-
tion function 

/<p) = nk(mkl2jikBT)W(Zlot) 

VR 
knT 

-1 

exp — Wk
2 — (1.2) 

is either a local equilibrium distribution (which is 
used for a Chapman-Enskog treatment of the 
linearized Waldmann-Snider equation [13]; v then 
being the mean mass velocity of the gas) or a global 
equilibrium distribution (for a moment method 
treatment [8]; v being zero for a gas at rest). The 
particle number density of species k is denoted by 
n k , H£ot is the internal rotational Hamiltonian 
and Z[.ot is the corresponding rotational partition 
function. 

The linearized Waldmann-Snider equation for the 
relative deviation &k of the distribution of species k 
from equilibrium is 

Wk 
' X] + ck • V0k + 2 ojki(0i) = 0 . (1.3) C J j 

The linearized collision operator coki can be split 
into two parts 

(»kl = dkl 2 «>*« + uff , (1.4) 
m 

where, in a short-hand notation, oik}n and co^p are 
given by 

4 4 ( 0 1 ) = - Tr 2Jd3C 2 /W(2) 

• j j a j b » 0 * ' ( l ) < 4 m 0 ' d V (1.5) 

h [o t m(0) #*( ! ) ~ «L(0)]1 d k t , i m k m 

and 

4 z ) ( ^ ) = - T r 2 J d 3 C 2 / W ( 2 ) 

•|jaw0i'(2)atig' d V (1.6) 

» mkl 
[ o w ( O ) ^ , ( 2 ) - 0 , ( 2 ) o I , ( O ) ] 

Here, Tr2 denotes the trace over the internal 
rotational states of the second particle, the prime 
(e.g. 0/fc'(l)) means that precollisional variables 
have to be taken, and g'e is the relative velocity 
(g' magnitude, e' direction) before the collision. The 
quantity akm(e, e) is the binary scattering operator 
on the energy shell describing collisions between 
molecules of species k and m, a\m is its adjoint in 
internal state space and akTO(0) is the scattering 
amplitude in the forward direction e — e' \ mki is the 
reduced mass. Note that in a representation @k is 
diagonal with respect to rotational quantum 
numbers but not akm (inelastic collisions!). The 
scattering amplitude is linked with the T-operator 
by 

mki 
akl(k.k')=-—-r-(kTklk'}, (1.7) 

2 Tin1 

where k' = k'e', k — ke are the relative wave 
vectors before and after the collision, respectively. 
The binary scattering operator Tki is connected 
with the nonspherical intermolecular potential Vki 
by the scattering integral equation [24] 

Ttl = Vki + Vkl(E - + i rj)-1 Tkl, (1.8) 

where is the free particle Hamiltonian in the 
c.m. system and t] -> 0+. The optical theorem 
for Tjci, 

Tki - Th = - 2ni Tkld(E - ffff) T\t 

= — 2ni Th d[E — Tkl( 1.9) 
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leads to the two formulations of the optical theorem 
for a k i : 

= -aUk = k')} i m/d 
= jakl(k, k')ah(k, k')g' d V 

= f a t d k W a i i i k W g ' d V . (1.10) 

Equations (1.10) are of great importance for the 
formulation of conservation laws, positive semi-
definiteness and explicit expressions for the collision 
integrals. 

Collision brackets of two arbitrary quantities W 
and 0 are defined by 

t m 
« V co U> ( $ ) » „ = Tr J d3c Wk 4 V (0,) , J nie 

(1.11) 

and correspondingly for Fa>W (0)»a;z . According 
to Eq. (1.4), the total collision bracket is given by 

« I P © ( 0 ) » W (1.12) 
= ä«2<<!Pa><U(0)>>*m + «JPo><2>(0)»W • 

i l l 

For Hermitian W, 0 , the collision brackets are real. 

2. Semi-Positiveness, Collision Brackets 
of Summational Invariants 

Most of the properties listed herein have already 
been discussed in Ref. [8], thus a brief review is 
sufficient here. Using the optical theorem Eqs. (1.10), 
we can show after some manipulations that one has 

« 0 cod) {0)yykl = i ( W t ) - i T n Tr2 

• J J Jd3 C l d3c 2 ö r ' dV/<° ) ( l ) / f (2 ) 
\0k(\)akl-akl0k'(l)\2, (1.13) 

which is obviously non-negative. For 0k—l, the 
r.h.s. of Eqs. (1.13) gives zero, which, after Eq. (1.3), 
yields the equation of continuity. For the following 
considerations it is convenient to use the operator 
[13] 

Rki = (nkln*) cokt, (1.14) 

where n is the total particle number density. 
Similar manipulations [8] which lead to Eq. (1.13) 
also yield the inequality 

k,l 

which guarantees the increase of entropy in the 
linearized theory. For 0's not depending on the 
vector J, one obtains, using Eqs. (1.4), (1.5), (1.10), 
(1.11), (1.12), for arbitrary W, the relation 

2 «VR(0)»ki = T n Tr2 j j d ^ C l d^c2 

•2 / * ( l ) / I (2 ) J f l r ' d V S M l ) (1.15) 

•akl(0k( 1) + 0t( 2) - 0k'(l) - 0i [2)) ah. 

From Eq. (1.15) one infers that for summational 
invariants 0inv, i.e. quantities fulfilling 

0k(l) + 0i(2) - 0k'(i) - 0/(2) = 0 

the relation 

2 « ^ ^ ( < P i n v ) » « = 0 (1.16) 
i 

holds. Summational invariants of this kind are 1, 
mc and mc2j2 Emi. In the same way also the 
relation 

2 « < £ i n T Ä ( ! P ) » « = 0 
k 

(1.17) 

can be derived which is of importance for the 
formulation of the linearized conservation laws. 

3. Properties Following from Rotational-, Parity- and Time-Reversal Invariance of Molecular Interaction 

The intermolecular potential is rotationally-and parity invariant. If the influence of external fields 
on the collision process can be neglected, the collision operator is a scalar. If chiral molecules are not 
considered here, the collision operator also conserves parity. Thus one has for two spherical tensor operators 
[0?{W, J)]L

M and [ f p ( J F . (P = parity) according to the Wigner-Eckart theorem: 

< < [ 0 p ] A ^ ( [ ^ P ' ] £ ' ) > > ^ = JJR^Y < < [ 0 P J L ° Ä < P p r p ] L » > " Ö P P ' Ö L L ' Ö M M ' ' ( L 1 8 > 

where the dot denotes a contraction over all tensor indices. 
Finally the time reversal invariance of molecular interaction (expressed by 'aki(k, k') = aki( — k', — k) 

where the arrows show the direction in which aki is acting) immediately leads to the Onsager relations 

« 0 J2(!P)»W = « ^ T R(0T)»ik , (1.19) 
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where &T (W,J) = 0 { - W , - J). If 0t=T<p0 and WT = TyW with T0^= ± 1, one has 

« 0 Ä ( ? P ) » « = T0 Ty«WR(0)}>lk . (1.20) 

Since the product T 0 Ty cal also be — 1, the linearized Waldmann-Snider collision operator is — different 
from the Boltzmann collision operator — in general not self-adjoint. 

II. Effective Cross Sections. Exact Relations 

1. Definition of Effective Cross Sections 

We are now considering matrix elements of the collision superoperator Rki for binary mixtures con-
structed with a basis set of compound expansion tensors J). Here, p is the tensor rank in 
the peculiar velocity W, q is the tensor rank in J; r and s are the ranks of the Sonine polynomials in W2 

and Wang-Chang-Uhlenbeck polynomials in (J2 — <J2>o). While this notation is complete for gases of 
linear molecules, for symmetric top molecules a further superscript t is necessary which stands for the 
power in J\\, the component of J along the figure axis. In a spherical tensor representation {0^ q r s ] [ k \ 
— p^Lmf^p, — qf^n^q, Edmonds' [25] convention being used) a general matrix element of the collision 
operator is, in the coupling scheme of Chen, Moraal and Snider [17], given by 

«^mnrslk) ^^v'8'10)»^ = ip-p'+q-q' 2 ( - 1 )K+p+q+m+n' Q{K q' q ) 1 ' 2 p ' p)1'2 
K.x 

(K q q'\(K p p' 
— n n \ — y. — ra m . ' K f e l f ) . (2-1) 

where J ? is a 3?-symbol [25] and Q is given by 

n,v • , iv + p'+ K+l)\(p + V'-K)\(V-p'+ K)\(pl-p + K)\ 3 — (— 1 Y+v'+K 

= (2jr)I(2 J , )!(2 J > ' ) l 2 ( ' 

The scalar quantities („reduced matrix elements") SK yield the information about molecular dynamics. 
Effective cross sections or ( j /^Vs' | f ) H and ok ( j / g v v | k)ki w^ich are only dependent on temperature 
are now introduced by 

a tp q r s k\ (v q r s \ k\ 7,7 
SK\p'q'r's' l) = XKXlVKla«XV'q'r's'\l)kV k + 1 ' (2-3) 

&Y/s> kj = X*2v™ + Xl fa9//* | • 

In Eq. (2.3), xk = nkjn is the mole fraction of species k, vki — [Sk-ßTj7imki)ll2 is a thermal velocity and 
U ' I ' A ' L the effective cross section for the pure gas of species k. If a different basis set of spherical XP " ' ° Jk 

tensors \0(pqrs][k)'\^I is used [26] in which first the p th rank tensor in W is coupled with a <?th rank tensor 
in J to give a totally irreducible Lth rank spherical tensor (coupling scheme of Hess, Waldmann, Köhler, 
cf. Refs. [8, 26, 27]), different reduced matrix elements occur. According to Eq. (1.18) 
one has 

<<[0<M"l*>]& R ([0<J»'«'rV|'>]g.)»w = IP-R'+I-O'0™ < W Sl | f ) . (2.4) 

The corresponding cross sections ÖL{"') are defined analogously to Equation (2.3). 
Both kinds of quantities SK and SL are connected with each other by [28] 

= \ £ } s K | f ) , (2.5) 



W. E. Köhler and G. W. 't Hooft • Waldmann-Snider Collision Integrals of Gases 

and, vice versa, 

S^'q'r's' | l) = I (2L + VP* + 1 )-Q(Kp'p)-ll2ü(Kq' q)~H2 ( -

ö ( p q r s \ k\ 
Xp'q'r's' \ l) > 

1259 

+ L 

L 
q p p' q' L\ n 

K\ (2.6) 

Vq' i } b e i n § a 6?'-symbol [25], 

2. Bracket Symbols 

The effective Waldmann-Snider cross sections form the link between experiment and theory. They 
can on the one hand be extracted from experimental data (e.g. magnitudes of Senftleben-Beenakker 
effects, line widths etc.) on the other hand evaluated theoretically if the binary scattering amplitude is 
known. To get more insight into the structure of these effective cross sections (which are much more 
complex than the corresponding ones for noble gases) it is necessary to reduce the lengthy expressions 
as far as possible and to introduce a lucid notation. First it is convenient to introduce dimensionless 
variables: a dimensionless c.m. velocity V and dimensionless relative velocities before and after the 
collision y ' = y 'e ' and y = ye, respectively. They are connected with the velocities of the colliding mole-
cules before the collision by 

c i = 
2k#T \1/2 

C2 

mk 

( l k B L \ m 

mi X 

mk 

mk + mt 

mi 
mk + mi 

U 2 
V+ 

mi 

1/2 

\ mk + mi 
mk 

mk + mi 

1/2 

Y 
1/2 

y e (2.7) 

For the postcollisional (unprimed) variables y'e' has to be replaced by ye. Energy conservation in a 
collision requires that 

y2 + Aekl = y'2 (2.8) 

holds where Aeki is the transfer in internal energy/Ä:B T \ for linear molecules, which are mainly considered 
here, one has 

Ae/ci = £k(ji) + Ei(jz) — ek{j\) — ei{j2'), 

where ek(j) — h2j{j-\- l)/20k k^T and j\'j2'(jij2) are the precollisional (postcollisional) rotational 

quantum numbers. Using these dimensionless variables, we find e.g. for g l i^'q'r's' | kjki a detailed 

notation: 

= - { 2 n { 2 L + 1 ) ^ ° t ^ r , t ) - 1 2 t r i t r 2 J J d2e y2 dy exp (— _ E k [ h ) _ E l [ h ) ) 

<££<Pf»l*>(F,y e) 

h 

1 5aüh'h'h'(y e> y' e ' ) y' e') djfiW'M^y e, y' e') y' d2e' 
h'i* 

(2.9) 

(ai\h'hh(y e, y e ) 0^p'"'r's'\k){V, ye) — 0Mp'«'r's'\k) (V, y e) a\llh>hh{y e, y e)) iy2mki kBT 

In Eq. (2.9), " t r " denotes the trace only over magnetic quantum numbers, is the binary scattering 
amplitude (which is, like > a matrix with respect to magnetic quantum numbers) for the collision 
process j\ + j2 -> ji -f- j2. The curly bracket symbol {•••} means an average with respect to the c.m. 
velocity: 

{•••} = 51-3/2 J e x p ( - F2) (•••) d 3 F . (2.10) 

Since the scattering amplitude does not depend on V, this average can always be performed explicitly. 
After evaluation of the traces, the integrand as a scalar can only depend on the scalars y, y', and cos # 
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= e • e' (scattering angle ft). Therefore the double integral [ fd 2 e d V . . . can be replaced by a single 
angular integral 8 JI2 \ sin ft dft ... . Thus it is useful to introduce a second bracket symbol 

!•••] = 2;t(ZJot Z ^ J - i J , (2n + l)(2h+ 1) ffsinftdfty3dy(---)exp(-ek(ji) - et(j2) - y2) (2.11) 
hi*h'W 

which involves an average over y and postcollisional rotational quantum numbers as well as an integration 
over the scattering angle and a sum over precollisional rotational quantum numbers. 

3. Expressions for Specific Effective Cross Sections. Exact Relations 

For specific expansion tensors 0 (-Pi rs\k\ 0(PY»-'*'IO) the average Eq. (2.10) can always be performed 
explicitly, the corresponding effective cross section is then represented in terms of a bracket symbol (2.11). 
After this reduction already interesting non-trivial relations between effective cross sections can be found. 
They can be used to reduce the number of unknown cross sections to be determined from experiments 
with mixtures of polyatomics. 

The system of specific expansion tensors under consideration is shown in Table 1. The system chosen 
has proved to be sufficient for a complete kinetic description of all transport and relaxation phenomena 
in mixtures of dilute polyatomic gases studied up to now. We call those tensors which solely depend on 
Wjc and J k

2 (oc ek for linear molecules) "classical" ones since they commute with Jk and with the scatter-
ing amplitude if projected on j subspace. The remaining ones which don't commute with Jk are called 
"quantum mechanical" ones. 

Let us first consider effective cross sections describing the relaxation and coupling of "classical" expan-
sion tensors. From Eqs. (2.9), the optical theorem (1.10) and Eq. (2.11) one obtains generally: 

and 
(?'0 rV | *)« = J ^ f r I*« i 0 ( P O r S l k ) 0 (<t>(P'°r'8']k) ~ 

fro rV | f ) „ = y ^ f r l«*l { ^ 0 r , | t ) o «Pfr'®"!« - * W | I > ) } ] . 

Herein, the molecular cross section 

okt = [(2n + 1) (2)2 + l)]"1 — tr i tr2 Ky '^ v > vatf ' 
7 

(2.12) 

(2.13) 

(2-14) 

is the unpolarized differential cross section for the (inverse) collision process j<z,y —> ji, jz', y' averaged 
over initial and summed over final magnetic quantum numbers. 

Table 1. Set of orthonormal expansion tensors for polyatomic gases. 

Scala rs 
0(0010!*) = (f)i/2(| _ wk

2) 

0(oooi|A-) = (kBlcT)1/2(ek - <fA->o) 

Vectors 

0(iooo|») = |/2[W^]i 
0(oiooit) = (3<JA-2>0-i)i/2[JA.]i 

0(10101») = _ w ^ [ W k ] i 

0(iooi|A") = (2kn/cT)1 '2^ - <ffc>o)[W7A-]1 

translational 
temperature 
rotational 
temperature 

velocity 
vector 
polarization 
translational 
heat flux 

ro ta t ional 
hea t flux 

'2nd rank tensors 
<j»(2000|fc) — [W 

<1,(02001») = (^<JÄ2(J t2 _ f)>o-l)l/2[^-]2 

«1,(11001») = (6 <«/fc2)o_1)1/'2 [W*]1 [JkI1 

'ird rank tensors 
«DU200I») = (15<JA-2(Jfc2 _ J)>0-l)l/2 . 

• [WkHJk]2 

<1,(2100,») = (6<Jfca>0-i)i/2 [Wk] 2 [JA.]1 

friction pres-
sure tensor 
tensor 
polarization 
flux of vector 
polarization 

flux of 
tensor 
polarization 
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Evaluation of the c.m. average in Eqs. (2.12), (2.13) yields for the effective cross sections of the scalars 
in Table 1 the expressions: 

« p I *)« = 1 ~f i « « < < ^ « > 2 + / <» M. > 
/onio I 2 mt mi 

° (oolo I / ) « = Y { m t + m i )2 ^ ( ( Z l £ ^ ) 2 ~ 2 + ^ ~ COS ' ( 2 ' 1 6 ) 

" ( S S I 11)« = (2-17) 

(oooi I l)ki = y ^ r o t I*« (e* - e*') (c/ - £/')]]. (2.18) 

These cross sections determine the relaxation of translational and rotational temperatures. The last two 
ones are purely inelastic since only cross sections which are connected with a change in internal energy 
can contribute. Conservation of total energy in a collision yields (after Eqs. (1.16, 1.17) for arbitrary pqrs): 

-i / 3 /00101 k\ . -i /cTkot /0001 I k\ i / 3 /00101 l\ . -i /cjot /0001 I l\ A ,0 1Q, 
~ \^aWs\k)icl+ ^ [pqrs I kjkl ~ [/ 2 a W* I + [/ fc * | *JW = 0 • <2"19) 

A corresponding relation where the upper and lower row of arguments in the CT'S of Eq. (2.19) are inter-
changed is also valid. 

The relaxation cross section for the velocity which determines the isotropic diffusion coefficient [13] is 
given by 

* (USXI *)« = 4 ^ t m lakl (y2 + r'2-2ry'cos ^ • (2-2°) 

From conservation of linear momentum an exact relation follows for arbitrary pqrs: 

/1000IA _ - i / m k /10001 k\ . . . . . 
a\pqrs\k)ki-- J/ a [pqrs \ kjkl ' (2-21) 

Again, upper and lower rows in the c's may be interchanged. The coupling cross sections between velocity 
and the heat flux vectors which are essential for the thermal diffusion coefficient [13] are found as 

- GEo I X = - 4 j / | ( ^ J i«« ̂  - 5) - y / c o s W' <2-22> 

I % = - (m*/m<)3/2 * (loio 1 - (2-22a) 

The cross section (2.23) vanishes for a purely spherical molecular interaction because in this case ok\ is 
^'-independent and the ^-average of ek — <££>0 yields zero. 

The effective cross sections of the heat flux vectors determining isotropic heat conduction [13] are 
somewhat lengthy expressions. For the translational heat flux one finds 

/10101 jfc\ 1 / m i \ 2 

V l O l O I Ä r j j t z = 3 1 m A . + m J ^ ( ( y 2 + y'2 — 2 y / c o s 0 ) ( 1 1 (mkimk\mi2) — 5 ( m f c / m z ) + 5 ) 
— 4 (•mkijmk) (y4 + y ' 4 — (y2 y'2) y y ' cos + \ (m k l \m k ) (y6 + y ' 6 — 2 y 3 y ' 3 cos 0) 

+ 54 {mkljmi){Aeki)* + f (mw/m,) (y4 + y '4 - 2y2 y'2 cos2 #))J, (2.24) 
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/1010 I k\ 1 / mk mi \3/2 

* ( J Z | i\i = 3 ( (WÄ; + m ; ) 2 ) ( - 1 1 (y2 + y'2 - 2r / c o s + 4 ( r 4 + / 4 (2.25) 

- (y2 + y'2) y y' cos f (yß + y'6 -f 2y3 y'3 cos #) + J
5
4 (Zls*,)2 

+ f (y4 + y '4 - 2 y2 y'2 cos2 #))]. 
For the rotational heat flux one obtains 

: 4 % ^rhr l G k l ( m * / m *> ( £ * -£'* )2 + (£* ~<£*>o)2 (2-26) 
O OJJ. //(-ft - p 

+ y'2(sk' - <£*>o)2 - 2yy' cos <& ((ek - <efc>o)(e*' - <e*>o)))l, 

/10011 2 ^B (ink mi)112, 
° \1001 | I jkl = "3 |/crotcrot m k + m ~ ° k l ^ {Sk ~ E k ) {£l ~ El>) ~ ^ {Ek ~ < £*> o ) {El ~ < £ ' > o ) 

- y'Hek' - <£*>0)(ei - <£i)o) + yy'cos$((ek - <£ j f c>0)(£/_ <£,>0) (2.27) 
+ (c* /-<e*>o)(ei-<e*>o)))] . 

The coupling cross sections between both heat fluxes are: 

* (loi? I l)ki = - 3 j / f c f t ( M ( W 2 ™ * ) - **') (y2 - I) (2-2*) 

+ y (y2 - I)(y(e* - <«t>o) - / ( « * ' - <e*>o) cos #))] , 

/1010UA 4 [2hg, (mfcm;3)i/2 
^ ( l o o i l i ) « = - 3 ] / S e p t (mjfc + m z ) 2 !*«(* (««-««) (y 2 - 1 ) 

- y (y2 - 1) (y (ei - <ei>o) - 7' (e,' - <£*>o) COS #))], 
The viscosity cross sections [13] finally are expressed by 

a (20001 ̂ k)ki = - c o s 2 ^ ) + (2-30) 

+ 5 (rriklmi) (y2 -f y'2 — 2y y' cos #))], 

/20001 k\ 4 mkmd 

15 (mk + raj)2 

- 5(y2 + y'2 - 2yy' cos #))]]. 

* 2000 I kl = M*Y2 y'2( 1 - cos20) + (Aeki)2 (2.31) 

If, for completeness, from Eqs. (2.19) the translational-rotational-temperature coupling cross sections are 
listed 

/ 2 0 0 0 I k\ 
\2000 kj) 

/0001|fc\ -j 2 kj$ nil mi /00011 k\ 
* (0010 I k)ki = - I 3crot ~ I " « (e* - = — (ooio I i j « ' ( 2 ' 3 2 ) 

one can, from Eqs. (2.15) —(2.32), infer the following exact interrelations between effective cross sections: 

/20001 k\ _ mk /00101 k\ /0010 IM 0 m± /10001 k\ 
a \2000 I I jkl - m a \0010 I kjkl - a \0010 I / Jkl - w

 mi 0 llOOO I kjkl ' [Z-ÖÖ) 

/10101 k\ . (r"l V ~ /1010I l\ 1 5 /00101 Jfe\ IS)OA\ 
a \1001 I kjkl + ) * \1001 I kjkl = \/ 3 loooi I kjkl' 

/1010 I k\ ( mi \3 / 2 /1010 I k\ 4 /2000 I k\ . 5 /0010 I k\ Q /1000I k\ /0 
a[mo I /^h ' ymk I 0\101011 Ju ~ 3

 a\2ooo | k)ki + 3 0looio | k)u ~ 60\10001 k)u 

- 4 JUL /2000 I k\ , 5ml /0010 I k\ , o /1000 I 

- 3 m j b ^2000 I I jkl ~ 3 r i lk ° ^0010 I I jkl ^ 6(7 llOOO I klkl • 

Equations (2.34) and (2.35) have also analogues in the pure gas case [19, 21]. 
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Next, effective cross sections characterizing the production of [Jk ][1J and [J*]^ polarizations are studied. 
They determine the magnitudes of the Senftleben-Beenakker effects [13] and of the non-equilibrium 
polarizations of rotational angular momenta (cf. Ref. [28] for pure gases). These production cross sections 
are obtained, if in the expression Eq. (2.9) &pqrs is a quantum mechanical tensor (<?=!= 0) and (J)p'i'r's' is a 
classical one (q' = 0). By applying the optical theorem Eq. (1.6) we find 

i = 2 Y + F U y ' l y ) { t T l t F 2 ( 0 L 9 r S l k ) a k i a t J ° (^ p ' ° r ' s ' l k ) - , (2.36) 

and, using Eq. (2.6), 

(p q r s \ k\ _ (p q r s \ k\ _( 2V + 1 V ~ _ (pqrs I k\ 
a [p'O r's' I kjkl - a9 \p' 0 r's' | kjkl _ \ p', p)J °v' Ip'O rV | kjkl' 

A corresponding expression for the cross section ^ . ( ' " I f ] ^ obtained if in Eq. (2.36) (p'Or's' \ k) is 
replaced by (p'Or's' \ l). For the following it is useful to introduce molecular orientation cross section 
tensors of rank q by 

/ 12 g + 1)!!\1/2 v' 
4 f = ( - j ((2 h + 1)(2?2 + I))"1 y tri tr2 ([JW]M a\f'h\UU), (2.38) 

where [</ijfc]̂ ] is the 9th rank irreducible tensor built up from the components of Jxk. Obviously, the 
polarization production cross section tensors (2.38) vanish for a purely spherical molecular interaction. 

In ordinary transport processes a [«/*:][1J polarization cannot be produced because of parity reasons. 
For the production cross section of a [Jt] [1] polarization in diffusion or thermal diffusion processes 
we find 

<y*2>(T1/2 Mb1/1 0 ie' e]U1 y y'i • (2-39) 

A [IFjt][11[J;fc][1] polarization can also exist in a heat conducting mixture. The corresponding production 
cross sections are 

0 P 1 * ) « = 3 ^ ) fer^J < J * 2 > °" 1 / 2 W o f 4» 7 / tr"- - 1 ) 1 . (2.40) 

/1100 I k\ 2 mi 
1,1000 kjkl 3 mk + mi 

and 

' (?o% 11% - + s y w ^ w > < r i ; a ° [ e ' 4 1 1 y y 1 / 2 - 1 ) 1 • (2-4i) 

as well as 

* (1JS? I = 1 VtW* [4 i ] o [«' ef» y y' (<£*>0 - «*')] , (2-42) 

and 

«PI,% = 1 < w ' 2 ^ 0 e]["y " - <£!>°» • (2-43) 

In the expressions Eqs. (2.39) —(2.43), [e' denotes the vector built up by e' and e, viz. the cross 
product e' x e which is normal to the plane of scattering; [e'e]l2l is then a 2nd rank tensor ( = «Fe ). 

More important from an experimental point of view [1, 2, 4 a] is the Kagan polarization [JF*]!1! [</A;][2]-

For its production in a diffusion experiment e.g. one obtains 

" (1SX1 t)ki = 4 W W - !)>o_1/2 14?] o ( y 2 [ < F - r y'W < F ) ] . (2.44) 
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For the corresponding cross sections describing the production of a Kagan-polarization by the heat fluxes 
we find 

and 

* p l *)» = - j ] / 4 ( - ^ m t ) 2 < j * w ~ l ) > o _ 1 / 2 1 4 ? 1 1 ° ( y 2 ( 1 + { m k l m i ) + { y 2 - ^[e][2] 

- (mklmi) / 2 [e'][2] + y y'(§ - y'2) [e' e]W)] (2.45) 

* (low | ?)« = - J ] / | (S'+m»)» W W ~ l)>0_1/2 l 0 f f ° (y2 " 72) [6] m " / 2 M [2] 

- y y ' ( | - / * ) [ « ' « ] [ « ) ] , (2.46) 
as well as 

"(15X1*)« = J i ) > o - 1 / 2 l 4 ! ] o ( r 2 ( £ f c - < £ , ) o ) [ e ] ^ (2.47) 

- y / ( e * ' - < c * > o ) [e'e] [2])], 
and 

^ P l f j ^ l l / f S ^ W W - i ^ H ^ ^ ^ o - ^ W - . (2.48, 

+ y / ( e ' | - < « i > o ) [ e ' e ; F ) ] . 

The production cross sections for a tensor polarization in a streaming gas mixture are given by 

and 

* (200SI ?)« = W W - 1 ) > 0 - 1 / 2 1 4 f ] ° (y2 [e]™ - y'2 V ] . (2.50) 

Also a [IFfcJt2] polarization can be produced in a streaming gas mixture. The corresponding production 
cross sections are 

"(2000 |t)« = - (mt+mj <J*2>°~1/2 0 v ei[1] y y' y y'cos # +1 Mmm, (2.01) 

and 

* [121 ?)« = (Zn,)2 < J * 2 > 0 ~ 1 / 2 I ( 7 * < ] 0 [ e ' e ] [ 1 ] y y ' c o s * - SMI • ( 2 - 5 2 ) 

From inspection of Eqs. (2.39) —(2.52) the following non-trivial exact relations (the trivial exact relations 
due to momentum conservation (2.21) are not listed here) among production cross sections can be inferred: 

/11001 k\ /mky12 , '1100 | k 
° (ioio | i j « — v ^ r j I k ' u ' ( 2 - 5 3 ) 

(0200 \k\ mfc (02001 k\ KAX 
a 12000 I I jkl = ° 12000 | kju' 

/12001 k\ . / mi \3 /2 /12001 k\ 2 (02001 k) /e) 
a \1010 I kjkl + j a 1,1010 I I jkl = - j /5 ° 1,2000 I kjkl' [Z-ÖÖ> 

and, finally, 

(2100 | k\ _ ^ (2100 | k\ _ 9 ^ (1100 | k 
m 2000 I kjkl — ° 12000 I I jkl llOOO I kjkl • (2,56) 
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The last group of effective cross sections to be discussed are the relaxation cross sections for quantum 
mechanical (/-dependent) expansion tensors, i.e. for rotational angular momentum polarizations. Cross 
sections describing the coupling between different /-polarizations are disregarded here since there have 
not been observed any phenomena where they could play a role. 

A general expression for the relaxation cross sections of angular momentum polarizations is obtained 
from Eq. (2.9) by use of the optical theorem Eq. (1.10): 

a^vYrSs\ k\i= 2«2P + !) (2? + i ) ) - 1 UY'IY) ( t r i t r 2 &pqrslk) atl O [ah I« - 0'<M"l*> «&]}]. (2.57) 
Here, the dot o denotes a separate contraction over tensor indices belonging to p and to q. The expression 
for tfo^^r s | l)ki S t a i n e d , if in Eq. (2.57) in the second bracket (pqrs\k) is replaced by (pqr s \ I). I t 
should be mentioned, that for [IF]1p1 polarizations not only Oo(---) exists but in general terms 

ok{' '") appear where 0 ^ if min (2^), 2q), cf. Equation (2.1). Experiments, however, have shown that 
only the cross sections with K — 0 are important, the others being small, i.e. of the same order as the 
coupling cross sections of two different /-polarizations. 

For the further treatment it is useful to introduce molecular reorientation cross sections by 

<*$tii = { 2 q + . 1 ) n — ((2ji + 1)(2?2 + l ) ) - 1 t n t r 2 ( [ J i f c ] [ 9 ] t o 4 f . M [ J l t l ] M (2.58) q\ y 
and 

<r®i2 = { 2 q V ) M — ((271 + 1)(2;2 + I))"1 trx t r2 ( [ J l t ] M t o [Jai]™ • (2-59) ql y 
A further cross section 2 is defined by interchange of aki and [J2i\ in (2.59). While the second 
reorientation cross sections vanish in the case of a purely spherical molecular interaction, the first ones 
yield: (| affi |2 being the ordinary differential cross section due to a spherical potential) 

sphO&i = I 4? | 2 , i f f = t n t r 2 , m = 1, 2 . (2.60) 
( Z ) 1 + 1 )(Z?2 + 1) 

Next, the bracket symbol expressions for effective relaxation cross sections of pure /-polarizations, 
namely vector- and tensor polarization are considered: 

* (oloo I = § W>0-1 Wki]n - ff« tfH > (2-61) 

* (oloo | l\i = § W > o ~ 1 / 2 <Ji2> o"1 '2 l4/!i2 - SB? 12] , (2-62) 

(02001 jfe)H = * <J*2 <J*2 - i)>0_1 H 8 ! n - okl g f ] , (2.63) 

f 0 - 0 0 fl — 2 / 1,211,2 _ 3\\„—1/2 / 7,2 1.7,2 _ 3\\„-l/2 r_.(2) ~(2) * \0200 11 jkl = § W ( J * 2 - f )>o-1/2 W W - !)>o-1/2 [ogi2 - afU • (2.64) 

I t is clear that the cross sections (2.61) —(2.64) vanish for a purely spherical interaction. If the scattering 
amplitude aki is expanded in powers of the nonspherical part of the interaction, they are quadratic in the 
nonsphericity. 

The last group of relaxation cross sections to be considered are the quantities cro('") connected with 
(1100), (1200), and (2100) polarizations, respectively. Here, one obtains 

( U S | jfc)„ = 4 ^ ^ W ) « - 1 Ion ( 1 + (2m,/3m*) y2) 

- 4z !h (1 + (2mj/3»»jt) y y' cos 0) ] , (2.65) 

- 4 ' ! i 2 ( l - S y / c o s ^ ) ] ; (2.66) 
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Co 
1120:) I k mk 
\ 1200 | k)kl = 5 — + mi W W ~ f )>o-1 l*ti 9i2) (1 + (2mtl3ro*) y2) 

- o i i ; i l ( l + ( 2 m t / 3 w t ) y / c o s #)], 

U200|lfe| 2 {mkmj)W 
5 mk + ra* 
- 4 2 i ! i 2 ( i - ! y / cos &)] 

M Ä I /'j« = T - ~X~T~ (Jb 2 (Jk 2 — l)}o~1/2 ( J l 2 (Jl2 — f))o"1 / 2 [<H-U2 (1 - § r 

(2.67) 

(2.66) 

and finally 

/2100 I jfc\ 

(2.69) 

(2.70) 

cr° (21001 *L-/ = 1 5 ( ^ T ^ j W > 0 _ 1 + (1 0 w»'/3m t) y2 + | (m,/ro*)* y4) 

- 4 2 ! n (2 + ( 1 0 w j / 3 y y' cos 0 + J (roz/m*)2 y2 / 2 (3 cos2 fl _ 1))J , 

(21001 ?)„ = ^ <^2>o"1 / 2 < W I S » « (S - ? r 2 + § r4) 

- ( 2 - 3 ° r / < * » 0 + a r 2 y ' 2 ( 3 c o s 2 & - m -

III. Approximate Relations 

Approximate relations between effective cross sections are obtained if an approximation for the 
molecular scattering amplitude is made. 

The simplest approximation consists in neglecting the nonspherical part of the intermolecular potential 
at all. This crude approximation can certainly not be made for relaxation cross sections of J-polarizations 
and for coupling cross sections of /-dependent and /-independent quantities since those would all be equal 
to zero. For relaxation cross sections of classical moments, however or of [W]P[J]Q correlations this 
approximation might be a first step yielding not too bad results for molecules with small nonsphericity 
(H2, D2). With the help of Eq. (2.60) these "spherical" cross sections can furthermore be expressed in 
terms of well-known Chapman-cowling collision integrals [23J defined by 

Q(m,n) = Vkl 2n [e-v2
 y2n+3 [ _ COs» &) off sin & dy 

4 n n (3.1 

Here, affl = | aj^ |2 is the differential cross section calculated with the scattering amplitude aj^ pertaining 
to the spherical potential. In this way the following relations for relaxation cross sections and coupling 
cross sections of classical moments are obtained: 

/0010I k 

11000 I k 

IW1U I /0010 I ' 1 ^ ^ 
sph^ \00101 kjkl sphC (oqio \ljkl VM 3 {m,k + mi)2 L 

mi 

32 mk mi 

u 3 mk + mi k 

(1010 I k\ 
sPh < T l l010Uw 

/1010 I k\ 
sphC \1010 I jkl 

Vkl' 
m-k m 

[mk + 111 
32 I n n 
15 \ mk 

16 + 

2 mk 

40 / mi 

/0010 I k\ 
iooio kjkl 

ßlV8) 

3 \mk 

64 mi 

U k l 3 \ m k j U k l 

(3.2) 

(3.3) 

(3.4) 

15 mk 

-V, - 1 kl 
(mkmi)3'2 

/1000 I k\ 
sph^lOlO I k a — ~v 

(mk + mi) 

16 

+ 
32 

3 j 

3 

mi 

Q( 1,2) 32 O«1-3) 
15 i kl 

64 
£><r2> 

5 \ mk -f mi 
h 
2 L k l 

(3.5) 

(3.6) 
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/20001 k\ _ 16 mkmi 
sph°" ̂ 2000 I k)kl VM 15 {mk^m,)2 10 i X V ^ + 3 — ß l r 2 ) 

u mk
 hl (3.7; 

/20001 k\ 16 mkmi 1 A n ( i n , o o c " ) i /q qx 
-P*" (2000 | / )kl = * « 1 5 + w ; ) 2 t - 10 ß f r » + 3 ßfc~>]. (3.8) 

Equations (3.2) —(3.8) are in agreement with well-known results of the literature [29]. 
For the relaxation cross section of the rotational heat flux one finds 

/1001 1 k\ 
1,1001 1 kit = vki1 

16 mi 

3 mk + nil 
/1000 I k\ 
1̂ 1000 4 (3.9) 

which means that in this approximation only diffusion of rotational energy takes place. The corresponding 
cross section sphO" (|oo{ j f ^ vanishes. The relaxation cross sections for the various types of [JFp[J]® 
polarizations considered aic 

/ 1 1 0 0 1 k\ _ _ / 1 2 0 0 m _ / l o o o m , „ l f t > 
sPh(T (llOO I kjkl — sPh°" \1200 I kjkl ~ sphC7 \1000 I kjkl' 

/2100 I k\ _ /2000 I k\ ,o t t \ 
sPhflr (2100 kjkl — sPhC7 \2000 kjkl' 1 j 

w hile the corresponding sphcr ( | i jkl vanish. 

The next step, appropriate for the approximate evaluation of polarization production cross sections 
consists in taking into account the nonspherical part of the potential in the cross sections in a linear 
way (elastic DWBA [17, 30]). If the DWBA-scattering amplitude [19] possesses an elastic part, e.g. due 
to a P2-interaction, there exists also an elastic part of the production cross sections linear in the non-
sphericity due to an interference term of the "spherical" and "nonspherical" part of the scattering 
amplitude. This elastic "nonspherical" part of the scattering matrix factorizes into an internal (/-depen-
dent) and a purely translational part (cf. Refs. [17, 30]). As a consequence, for molecules with a dominant 
P2-term in their nonspherical interaction (e.g. homonuclear diatomics) one has for arbitrary functions 
OK(JI2): 

(Zrot Z ro t ) - i 2 GK (Ji2) t r i tr2 (AKL A\T JLK JLK) exp ( - SK (JI) - ET (J2)) 
h,h 
= <GK (Ji2) J!2)O (F1 (Y) (EE + E'E') + F2 (Y) E E')) . (3.12) 

Here, F\(Y) and F2(Y) are scalar functions built up from the phase shifts pertaining to the spherical 
potential and the radial integrals involving the radial part of the P2-term and the partial distorted waves. 
For details see [30]. For the derivation of approximate relations between tensor polarization production 
cross sections only the factorization property expressed by (3.12) is important. As an immediate conse-
quence of the symmetry of the r.h.s. of Eq. (3.12) in E and e', one has in the elastic DWBA 

eiO-[|] o e e = eiajj|] o E E =j= e i O E E' . (3.13) 

From Eqs. (2.45), (2.46) and (3.13) we can immediately infer the approximate relation (also obtainable 
from Eq. (2.55) by neglecting inelastic collisions) 

/1200 I k\ /micY12 /1200 I k 
e l f f U 0 1 0 | / ) « = - ( — ) el<7 \1010 I kjkl ' (3"14) 

The factorization property (3.12) with GK(J 12) = EK{JI2) — <£»)o enables us to compare the (1200)-(1000) 
and (1200)-(1001) coupling cross sections (Eqs. (2.44) and (2.47)) in this elastic approximation with the 
result 

<£A:>0-1(4OtAB)1/2 el<y(J^o|jfc)w. (3-15) 
/ 1 2 0 0 I k\ 
U o o i kjk 
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This relation has been used by 't Hooft in analyzing the data on the magnetic field effect on thermal 
conductivity [1, 4a], One should keep in mind, however, that the validity of Eqs. (3.14), (3.15) is guaranteed 
only for molecules with essentially small nonsphericity, i.e. for mixtures of H2, D2 with noble gas atoms 
and might be questionable for heavier molecules (N2). Because of Eq. (1.13), the relaxation cross sections 
of vector and tensor polarization are at least quadratic in the nonsphericity as it is also true for pure 
gases [17]. 

Finally, it should be stressed that in contrast to relations between collision cross sections for pure gases 
obtained by Moraal and Snider [22] in plane-wave cutoff-Born approximation plus high temperature 
limit, the approximate relations given here are based on DWBA and independent of temperature. 
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